Abstract. A class of Cauchy problems for interesting complicated periodic pseudodifferential equations is considered. By the Galerkin-wavelet method and with weak solutions one can find sufficient conditions to establish convergence estimates of weak Galerkin-wavelet solutions to a Cauchy problem for this class of equations.
Introduction
The theory of pseudodifferential operators has been extremely intensively developing. This is so, not only because it is a very general theory including many theories, especially because it is of great interest and difficulty, but also because it is an extremely powerful tool for studying linear and nonlinear problems (see [3] , [5] - [7] , [11] , [12] , [16] , [19] , [21] , [22] and references therein). Wavelet theory is growing very rapidly as well (see [1] - [4] , [8] - [15] , [17] , [18] , [20] and references therein). Wavelet approximation methods, however, for even only pseudodifferential operators (not a Cauchy problem) are investigated in a very few works [2] , [10] , [13] , [14] , [18] .
In this paper we study approximately a Cauchy problem for a class of interesting complicated pseudodifferential equations as follows:
u(x, 0) = u 0 (x) (1.2) where
with symbol σ(ξ) belonging to
2m−|α| for all ξ ∈ Z n and for all multi-indexes α, and ∆ is the difference operator, which is defined by ∆ :
is the jth coordinate vector. Here it is assumed also that σ ∈ C ∞ (R n \{0}) and
The functions a(t), b(x, t) are given. Note that when µ = 0, under some assumptions on a(t) the type of equation (1.1) may be changed. To establish some convergence estimates for this complicated problem, in order to overcome the difficulties, let us use the Galerkin-wavelet method and weak solutions and approximative weak solutions, with the very effective tools: the Fourier and Laplace transforms.
Notation and preliminaries
Let us recall here some usual notation, definitions and some basic facts. For a function u(x) ∈ L 2 (J n ), the discrete Fourier transform is defined by
The discrete inverse Fourier transform is then u(
The Laplace transform of a function u(x) increasing less than an exponent is
Below will be listed some usual simple properties of the Laplace transform,
is finite, where
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ii) The following series converges:
The following lemmas are needed in the sequel.
Proof. It is obvious that
that is, we obtain (2.9). Similarly we prove (2.10), taking into account that we can integrate an infinite sum in the integration of two sides of the equality
where c is independent of u ∈ H 2m (J n ).
Proof. From (1.3) and the fact that σ(0) = 1, it follows that there exists a number c > 0 independent of ξ such that σ(ξ) ≥ c ξ 2m , ξ ∈ Z n . The definition of A then gives (2.11).
Next we introduce some notation and definitions on wavelets.
is, by definition, an increasing sequence V j , j ∈ Z, of closed linear subspaces of L 2 (R n ) with the following properties:
There exists a function, which is called a scaling function (S.
The notation [u](x) stands for the periodization operator of a function
Similarly let us define an M.R.A. of L 2 (J n ) as follows:
where
It is easy to check that
, which has the property Theorem 1 ([14] ). Let −r − 1 ≤ s ≤ r, −r ≤ q ≤ r + 1 and s ≤ q. Then
, where c is a constant independent of j and u.
By denoting h = 2 −j and V h = [V j ], we can write (2.12) as follows:
Convergence estimates of solutions
is called a weak solution of problem (1.1)-(1.2). 
Definition 4.
Proof. In (3.1), choosing v = u, multiplying two sides with e −4πs0t and integrating in t from 0 to +∞ we obtain
By means of (
2 and using integration by parts, the left side of (3.6) gives
Using formulas (2.1), (2.10) and the fact that the left side is real, we have
Therefore, if the condition (3.5) is satisfied, then the right side of (3.6) is nonpositive, which implies
To estimate the Galerkin-wavelet solution, we need the following lemma. Let us consider the equation
where A is the pseudodifferential operator introduced in Section 1.
Lemma 4. Let u be the weak solution of equation (3.8) and u h be the Galerkinwavelet solution of this equation, that is, (Au
where c is a constant independent of u and h.
Proof. The assumption gives
So it is easy to see that Lemma 3 yields
∀v ∈ V h , where c is a constant independent of u and h.
We obtain thus u
The desired estimate is followed immediately by Theorem 1.
where C is a constant independent of u, h.
Under the assumption of Section 1, the condition (3.10) always holds, because we have
) be a solution of (3.1)-(3.2) and u h (x, t) a solution of (3.3)-(3.4). If (3.5) is satisfied and
Proof. With w defined by (3.10), from (3.1), (3.3) it follows that for every v ∈ V h we obtain
Choosing v = u h − w, multiplying two sides of the last equality with e −4πs0t and integrating in t from 0 to +∞, we get
In view of (3.5) the first term in the last equality is nonnegative, and we thus have (3.13) 
